We use exceptional field theory to describe locally non-geometric spaces of M-theory of more than three dimensions. For these spaces, we find a new set of locally non-geometric fluxes which lie in the R-R sector in the weak-coupling limit and can typically be characterised by mixed symmetry tensors. These spaces thus provide new examples of non-geometric backgrounds which go beyond the NS-NS sector of string theory. Starting from twisted tori we construct duality chains that lead to these new non-geometric backgrounds and we show that, just as in the four-dimensional case, there are missing momenta associated to the mixed symmetry tensors.
Introduction
One of the characteristic features of string theory is the existence of dualities. For example, because strings can wind around non-trivial cycles, circles of radius R and of radius α ′ /R are equivalent in string theory, leading to the concept of T-duality. These dualities also suggest that the string target space can be a non-geometric background which is patched together with dualities [1] [2] [3] [4] [5] [6] . A subclass of such spaces, called globally non-geometric, still admit a local description in terms of a metric, NS-NS 2-form and possibly R-R fluxes. However, because of the duality patching these fields are not well-defined over the entire background. More generally, we can consider a locally non-geometric background which does not even admit a local description in terms of a metric, NS-NS 2-form and R-R fluxes [7] . Non-geometric compactifications could have interesting phenomenological consequences, for example in moduli stabilisation [4] .
Neither class of non-geometric spaces are manifolds and therefore our usual notions of spacetime break down. For example, it was shown in [8] [9] [10] [11] [12] [13] that globally non-geometric backgrounds are non-commutative, while locally non-geometric spaces also exhibit non-associativity. The simplest kind of locally non-geometric spaces are characterised by a fully antisymmetric spacetime tensor R ijk , called the R-flux, [7] and which gives rise to a closed string phase space algebra [8-10, 14, 15] 
The Jacobiator amongst coordinates does not vanish 2) so that the coordinate space becomes non-commutative. This algebra was also be deformation quantised in [14, 16 ] using a membrane model.
Recently, four-dimensional non-geometric backgrounds of M-theory were studied in [17] [18] [19] [20] , particularly focussing on local non-geometry. The lift of the string theory R-flux R ijk to a fourdimensional M-theory background was constructed in [17] , using the duality manifest formulation of exceptional field theory [21] . The four-dimensional M-theory R-flux is given by a mixed symmetry tensor R i,jklm with R i,jklm = R i, [jklm] and R [i,jklm] = 0.
In [18] , a toy model of a locally non-geometric M-theory background was considered which is U-dual to a Heisenberg Nilmanifold, or "twisted torus". The homology of this twisted torus implies that M2-branes cannot wrap a certain 2-cycle. By U-duality this implies that there is a missing momentum mode in the locally non-geometric background [18] . As a result the phase space of M2-branes in this four-dimensional locally non-geometric M-theory background is seven-instead of eight-dimensional. In [18] it was conjectured that in more complicated four-dimensional locally non-geometric backgrounds, the missing momenta are given by
If we reduce to IIA string theory, the R i,jklm flux reduces to the usual R ijk flux of string theory [7] . On the other hand, the missing momentum mode is in that case along the M-theory circle and therefore (1.3) implies that there are no D0-branes in a string R-flux background. As argued in [22] there should be no D0-branes in an R-flux background because after applying three T-dualities these D0-branes become D3-branes wrapping a 3-cycle with non-trivial H-flux. However, such a configuration is forbidden by the Freed-Witten anomaly condition. Furthermore, the absence of D0-branes, and hence point particles, is natural in a non-associative spacetime where one has a "minimal volume" [16] .
This fact that there is a missing momentum mode was crucial in the conjecture of [18] that the phase space of M2-branes in a locally non-geometric M-theory background is governed by the non-associative algebra of the imaginary octonions, which was subsequently quantised in [19] .
The reduction to type IIA string theory can then be understood as a contraction of the algebra of imaginary octonions which yields (1.2).
In this paper we will further study locally non-geometric backgrounds in M-theory, by using exceptional field theory to find the R-fluxes in higher dimensions 4 , and study the relationship between the existence of these fluxes and missing momentum modes. Following [23] and [17] these can be constructed as spacetime tensors involving dual derivatives, which can be thought of as Fourier dual to wrapping modes of branes, of the trivector Ω ijk or six-vector Ω ijklmn appearing in the globally well-defined non-geometric parameterisation of the string background.
We find a variety of new locally non-geometric R-fluxes, most of which have mixed symmetry.
For example, in seven dimensions (the case of E 7(7) ) these are given by We then construct toy models for these locally non-geometric backgrounds by successively applying U-dualities to N 3 × T n or N 2 × T n where N 3 is the Heisenberg Nilmanifold and N 2 is a two-dimensional non-compact space which has non-unimodular geometric flux and has not been considered in the literature before. Using these duality chains we can deduce from the topology of the initial background that for each mixed symmetry R-flux tensor there are missing momentum modes satisfying
providing a nice higher-dimensional generalisation of the conjecture of [18] . In the case of nonvanishing seven-dimensional singlet flux we find that all momenta vanish, i.e.
Just as in [18] , the conditions R i,jklm p i = 0, R ijkl p i = 0 and R p i = 0 can equivalently be understood as coming from the Freed-Witten anomaly in IIB.
An interesting aspect of this work is that we are using exceptional field theory to describe parallelisable spaces which are not topologically tori and therefore have different homology groups. Often the extra coordinates of EFT are assumed to be related to wrapping modes of branes but this would imply that in the cases considered here the EFT should have fewer coordinates. However, we would argue that there should instead be a different interpretation of the extra coordinates not related to wrapping modes. For example, in double field theory they can be understood as the zero modes of the independent left-and right-movers of the string, as was also argued in DFT on group manifolds [24] , and we would hope that there can be a similar interpretation for the EFT coordinates. Indeed, the results obtained here seem consistent with such an interpretation. For example, as mentioned previously, in the four-dimensional case the missing momentum mode can also be understood via the Freed-Witten anomaly [18, 22] .
Furthermore, its IIA limit is consistent with the fact that there should be no point particles in a non-associative spacetime [16] .
This paper is organised as follows. In section 2 we set the scene by reviewing the prototypical example of a locally non-geometric space in string theory by dualising a three-torus with Hflux. Then we use exceptional field theory to construct locally non-geometric fluxes of M-theory backgrounds in higher dimensions in 3. Finally, in section 4 we dualise appropriate geometric backgrounds to construct examples of new locally non-geometric spaces which are characterised by the novel R-fluxes. We use the topology of the initial geometric space to deduce which momenta vanish in the locally non-geometric spaces. Finally, we conclude in section 5 with a discussion about the implications for non-associativity and open questions.
2 Review of string theory T 3 duality chain
We begin with a brief recap of the chain of dualities that generates a locally non-geometric string background starting with a T 3 with H-flux [3, 7] .
T 3 with H-flux: Consider a T 3 with H-flux, H 123 = N . We can write the metric and B-field
Nilmanifold: If we perform a T-duality along the x 1 direction we obtain a twisted torus, with metric 2) and no B-field. We say this space has geometric flux, because it is parallelisable with well-defined 1-forms
and the "geometric flux" is given by
hence T 1 23 = N . We see that the coordinates are identified as
and as we discuss in more detail in 4.1.1, this does not have the topology of a T 3 .
This change in topology can be understood as follows [25, 26] . The T 3 with H-flux can be viewed as a trivial circle bundle over T 2 . It is useful to define the two-form obtained by integrating the 3-form field strength over the S 1 fibre, parameterised by the x 1 coordinate,
After T-duality, we obtain another S 1 -bundle over T 2 , where the 1st Chern class of the new T 2 bundle is given by theH, while the new H-flux is the old 1st Chern class. Because we initially had the trivial circle bundle T 3 , we do not obtain a H-flux, but the initial H-flux leads to a non-trivial S 1 -bundle with 1st Chern class c 1 =H ∈ H 2 T 2 . This is the Heisenberg Nilmanifold.
Globally non-geometric space: The way we have written the Nilmanifold, the metric is only independent of x 1 and x 2 . A duality along x 1 returns us to the T 3 with H-flux, and so to continue we must T-dualise along x 2 . However, ∂ 2 is not a well-defined vector field on the nilmanifold and therefore x 2 is not the coordinate along a well-defined circle in the nilmanifold.
Thus the T-dual is a globally non-geometric space. This can also be seen directly from the Buscher rules which give the following metric and B-field,
neither of which are well-defined as x 3 −→ x 3 + 1.
Nonetheless, there is a different, "non-geometric", parameterisation of the background in terms of open-string variables
In generalised geometry [27] and double field theory [28] [29] [30] these new variables correspond to a different parameterisation of the generalised vielbein, which encodes the metric, and which is related to the usual one by a local
For the space (2.7), the metric and bivector β are then given bŷ the "non-geometric parameterisation" in terms ofĝ and β which correctly describes the global structure of this non-geometric space. This background is classified by its "Q-flux" which is a spacetime tensor [23, 31] and is in this case given by 10) with the terms denotes by . . . necessary for covariance but which vanish in this case. For the space (2.9) its only non-zero components are
In the following we will simplify the notation by dropping the hat on the metric of the nongeometric parameterisationĝ −→ g.
Locally non-geometric space:
The only other duality we can consider is along the x 3 direction, which is not an isometry due to β 12 = N x 3 and therefore the Buscher rules cannot be used. However, one should still be able to make sense of T-duality in this case [6] . We know that the entire spectrum of string excitations of T-dual circles are equivalent. We can now consider a coherent state of string momentum excitations on top of a circle background, which would deform the metric and B-field of the circle so that it is no longer the standard round metric, and the isometry is lost. Under T-duality, this configuration becomes a coherent state of string winding excitations on top of the dual circle background.
This coherent state of string winding excitations is captured in the doubled geometry as a background depending on the dual coordinates, as has for example been argued in [6] . This is exactly what happens after applying a T-duality without isometries in doubled models [5, 32] such as double field theory [28] , where extra coordinates are introduced which are dual to winding modes. Then a T-duality along x 3 exchanges the coordinate with its T-dual coordinate x 3 ←→x 1 , and without isometry the T-dual background will depend on the dual coordinates x 1 , and is called locally non-geometric.
Applying the T-duality along the x 3 coordinate of the Q-flux background we obtain
The local non-geometry is measured by a spacetime tensor known as the R-flux [23, 29] , which is given by
with∂ i =∂ i + β ij ∂ j . For (2.12) one finds
We see that T-duality just shifts the value of N , given by the initial H-flux to the geometric and non-geometric fluxes. This is often summarised by the diagram 15) where T i , with i = 1, . . . , 3, denotes a T-duality along x i . The "non-geometric fluxes" can also arise when applying a duality along a timelike direction, where, at least formally, the same structures Q i jk and R ijk can appear [33, 34] .
In this paper we will be interested in generalising this chain to M-theory to generate and study examples of new locally non-geometric backgrounds which we discuss next in section 3.
We then generalise the above duality chain in section 4.
Locally non-geometric fluxes in M-theory
We now wish to find local expressions for the locally non-geometric fluxes which appear more than four dimensions. Here we follow [17, 23, 30] , and use a "non-geometric parameterisation" of the exceptional generalised vielbein in terms of a metric and trivector [33] and the higherdimensional generalisation. This parameterisation is in turn globally well-defined on the nongeometric background and allows us to find local expressions, known as the R-flux, characterising the locally non-geometric backgrounds. As shown in [23] , these fluxes are spacetime tensors under diffeomorphisms, and we will use this criterion to find their local expressions. We note that for the NS-NS sector of type II string theory, the non-geometric fluxes can also be understood using Lie algebroids as in [35] [36] [37] .
Recently, the non-geometric parameterisation of the exceptional generalised vielbein was used in [38] to derive parts of higher-dimensional globally non-geometric Q-fluxes, which in [38] were called S-fluxes, under certain simplifying assumptions. Here we will complete these expressions for the Q-fluxes of [38] so that they are spacetime tensors.
We begin with a brief review of the essential features of exceptional field theory [21] in subsection 3.1 followed by a review of the four-dimensional case [17] in subsection 3.2 to explain our methodology. We then generalise the treatment to larger dimensions in subsections 3.3 -3.5.
Relevant features of E d(d) EFT
In this paper we will follow [17] and use exceptional field theory (EFT) [21, [39] [40] [41] [42] [43] [44] [45] In EFT and the related exceptional generalised geometry [46] [47] [48] , the bosonic (fermionic) degrees of freedom of 11-dimensional supergravity at each point are combined into representations
For example, the fully internal bosonic degrees of freedom (metric g ij , 3-form C ijk and 6-form C ijklmn ) are combined into the generalised metric M which parameterises the coset
Therefore, it can be written in terms of generalised vielbeine EM M , which are E d(d) group elements, as
where [43, [49] [50] [51] , which also appear in the tensor hierarchy of maximal gauged supergravities [52] [53] [54] [55] .
In exceptional generalised geometry these fields are sections of generalised tangent bundles
where M is the usual physical spacetime. The exceptional groups are then the structure group of these vector bundles [47] . However, having a fixed physical background M breaks U-duality covariance. Instead, EFT makes use of "extended spaces"M with coordinates X M transforming in the dual of the R 1 representation. On a torus these coordinates are Fourier dual to momentum and possible wrapping modes of branes, and therefore transform under U-dualities. The local symmetries (diffeomorphisms and gauge transformations) are realised as a local E d(d) action on the fields generated by the generalised Lie derivative [39, 41, 47, 48] , for example acting on a vector field in the R 1 representation,
Here Λ M ∈ Γ (R 1 ), consisting of vector field, 2-form and 5-form, is the generator of the "gen- [41] . We give explicit expressions for these invariants in appendix A. In what follows, we will read off the transformation properties of spacetime fields from the generalised Lie derivative.
For the algebra of generalised diffeomorphisms to close we impose the "section condition" to an internal spacetime of IIB string theory [44, 56] .
C ijklmn or by "non-geometric ones" g ij , Ω ijk , Ω ijklmn . The latter is called a non-geometric parameterisation because it is this parameterisation that is globally well-defined on a nongeometric background, just like for g ij and β ij [27, 29, 30] in the non-geometric torus example discussed in section 2. The generalised Lie derivative determines the way these different fields transform under spacetime diffeomorphisms and gauge transformations.
Finally, let us mention that if we consider a truncation of EFT on a generalised parallelisable background [57] [58] [59] [60] [61] , so that the generalised vector fields EM M are globally well-defined, then this reduction will yield a D-dimensional maximal gauged SUGRA with embedding tensor 
Four-dimensional locally non-geometric backgrounds
Four-dimensional compactifications are described by the SL(5) exceptional field theory, where R 1 = 10, or antisymmetric representation, of SL (5) . Therefore the SL(5) EFT has 10 "extended
2 ǫ ijklx ij , where a = 1, . . . , 5, i = 1, . . . , 4 and X ab = X [ab] . Here the x i are the usual spacetime coordinates on the physical internal space whilex ij are the additional "wrapping coordinates". The generalised metric parameterises the coset space 6) and thus can be represented by a 5 × 5 matrix of unit determinant. We will here use this representation, rather than the 10 × 10 one.
We begin with the SL(5) generalised vielbein in its non-geometric parameterisation
where ǫ ijkl is the four-dimensional Levi-Civita symbol such that ǫ 1234 = 1. This differs from the parameterisation given in [17, 33] by a conformal transformation so that the generalised vielbein here has unit determinant. The determinant factors |e| are required so that eī i transforms as a vielbein under spacetime diffeomorphisms. On a generic background, a local SO(5) transformation can be used to turn this into an upper-triangular matrix, corresponding to a "geometric parameterisation" in terms of a metric g ij and a local 3-form C ijk . However, on a non-geometric background, the corresponding SO(5) transformation fails to be well-defined and hence also the "geometric parameterisation" g ij , C ijk fail to be well-defined. In this paper, we will restrict ourselves to examples where the background is generalised parallelisable, meaning that the inverse generalised vielbein defines a set of globally well-defined generalised vector fields. On such backgrounds, it will be straightforward to see which parameterisation is globally well-defined.
We now act with the generalised Lie derivatives on the generalised vielbein (3.7), L V Eā a , to find the transformation law for Ω ijk under spacetime diffeomorphisms. To do this, we take
so that only the spacetime diffeomorphism generator is non-zero. This way we find
where L ξ denotes the action of the usual spacetime Lie derivative on a tensor. The metric g ij = eī i eī j is a spacetime tensor as usual
Following the philosophy first introduced in [23] to describe the NS-NS sector of type II string theory, one can construct various spacetime tensors out of g ij and Ω ijk , but the one that measures the local non-geometric must involve dual derivatives of the trivector Ω ijk . To construct this, it is worthwhile to first introduce an improved dual derivative∂ ij such that when it acts on a scalar field one obtains a spacetime tensor, i.e.
up to the section condition
where ⊗ represents the action of the derivatives on two different fields. Using (3.9) one finds
This can alternatively be defined aŝ
Using these ingredients it is easy to construct a spacetime tensor involving a single dual derivative ∂ ij of Ω ijk . The only possibility is given by [17] 
The existence of this flux can also be seen from the embedding tensor of maximal gauged supergravities, which encodes all possible gaugings of those theories, and transforms in the 15 ⊕ 40 ⊕ 10 representations of SL(5) [63] . Decomposing this under SL(4) × R + ⊂ SL(5) one finds the following representations
Loosely speaking, the higher the R + charge, the "more non-geometric" the origin of the flux [64] .
This statement can be made very precise as follows. From the decomposition of the 10 of SL (5) we see that the derivatives transform as
We can also decompose the adjoint representation of SL (5) under SL(4) × R + to find
However, the adjoint representation of the exceptional group corresponds to the fields appearing in the generalised vielbein. This allows us to identify
Now we clearly see that the 4 7 representation of the 40 of SL (5) clearly corresponds to the locally non-geometric flux (3.15):
This can also be checked by an explicit calculation of the embedding tensor in terms of the generalised vielbein, see for example [17] . Furthermore, since the embedding tensor encodes all the fluxes, and it has only one flux, the 4 7 , of the correct R + charge to be locally non-geometric, we can be sure to have found all R-fluxes. Finally, when appropriately reducing on a circle, this R-flux reduces to the string theory R-flux in the NS-NS sector [17, 18] .
Other non-geometric fluxes
As shown in [17] we can also construct other fluxes from dual derivatives of g ij or spacetime derivatives of Ω ijk . To do so, we introduce the following connections for both types of derivatives
Under spacetime diffeomorphisms, these transform as
Γ ij k is the Weitzenböck connection whose torsion is useful in classifying parallelisable backgrounds. Using these objects we can construct the following spacetime tensors in four-dimensions, which will correspond to non-geometric fluxes. These can be made well-defined on generalised parallelisable backgrounds since they appear in components of the embedding tensor.
Q-flux: This is also called the "globally non-geometric flux" and is defined as
In particular, ∂ i Ω jkl is not a spacetime tensor by itself but requires theΓ [jk i l] term in order to transform covariantly. This flux transforms as
of SL(4) × R + and corresponds to those representations in (3.16).
τ -flux:
The trace-part ofΓ ij k l is also a spacetime tensor as a result of the SL(5) section condition:
This tensor can be split into a symmetric and an antisymmetric part and thus belongs to the
Examples of compactifications with these fluxes turned on are given in [61] .
Comparing with (3.16) we see that we have described all possible fluxes except for the 1 −8 , 20 −3 and 2 · 4 −3 . These would correspond respectively to the four-form flux of M-theory
, the trace and traceless parts of the geometric flux 27) and a spacetime derivative of the determinant of the seven-dimensional metric, ∂ i ∆, [17] .
Five-dimensional locally non-geometric backgrounds
Our conventions for the SO(5, 5) EFT, especially the generalised Lie derivative are summarised in appendix A.1. We start with the SO(5, 5) generalised vielbein in the non-geometric parameterisation, given by
where
The factors of |e| are dictated by the generalised Lie derivative, given that eī i transforms as a spacetime vielbein, and similarly for the coefficients − . This differs from the parameterisation given in [38] by the factors of |e|. However, these are necessary for the generalised vielbein to be a SO(5, 5) group element (in the spinor representation).
From the generalised Lie derivative generated by a generalised vector of the form V M = ξ i , 0, 0 given in (A.7), we find that the trivector transforms just as in the four-dimensional case (3.9) under spacetime diffeomorphisms:
As before, we wish to construct a spacetime tensor from dual derivatives, now including ∂ ij and ∂ ijklm ≡ ǫ ijklm ∂ z of the trivector. To this end, we first introduce the improved dual derivativeŝ
which satisfy
i.e. the improved dual derivatives of a scalar are spacetime tensors. This again makes use of the section condition 33) with ⊗ denoting the action of the derivatives on two different fields.
Using these derivatives it is a straightforward, if lengthy, computation to construct a spacetime tensor from dual derivatives of the trivector Ω ijk . This leads to the unique combination
We see that the locally non-geometric flux in the five-dimensional compactification contains a new term compared to four dimensions (3.15) involving the new dual derivative, associated with wrapping coordinates of M5-branes. Furthermore, unlike in four dimensions, R i,jklm contains a totally antisymmetric part, which we can view as a new locally non-geometric R-flux,
Once again, we can also check this against the embedding tensor of six-dimensional maximal gauged SUGRAs. This takes values in the 16 ⊕ 144 of SO(5, 5) which decomposes under
From the branching of the 16 we see also that the derivatives transform as 37) while the adjoint decomposes as 38) which allows us to identify that trivector as Ω ijk ∈ 10 4 .
Putting all this together we see that the 24 5 ∈ 144 corresponds to the mixed symmetry
and the 1 5 ∈ 16 to the new totally antisymmetric R-flux R ijklm . These are the only two fluxes with the right R + charge to be locally non-geometric. However, while the mixed symmetry R i,jklm reduces to the NS-NS R-flux when considering an appropriate reduction on a circle, the new R-flux R ijklm does not. It will necessarily involve the R-R sector of string theory.
Other non-geometric fluxes
The other non-geometric fluxes are still exactly the same as in four dimensions, section 3.2.1.
These are 
Six-dimensional locally non-geometric backgrounds
We have summarised our conventions for the E 6(6) EFT in appendix A.2. Following these conventions, the E 6(6) generalised vielbein in the non-geometric parameterisation is given by
Ωī
where 41) and Ω ijklmn is the non-geometric dual of the usual 6-form flux of 11-dimensional supergravity. As previously, the factors of determinants and numerical coefficients come by requiring compatibility with the generalised Lie derivative and that eī i transforms as a spacetime vielbein. If we act with the generalised Lie derivative using a generator of the form V M = ξ i , 0, 0 corresponding to a spacetime diffeomorphism as in (A.15), we find that Ω ijk and Ω ijklmn transform as
under spacetime diffeomorphisms.
Once again, we introduce improved dual derivativeŝ
so that∂ ij φ and∂ ijklm φ are spacetime tensors, where φ is a scalar. This works up to the section condition
where ⊗ denotes the action of the derivatives on two different fields.
Using the improved dual derivatives, we find the same R-flux as in five dimensions
which as in five dimensions can be decomposed into a totally antisymmetric part R ijklm and a mixed symmetry one, as well as a new R-flux involving Ω ijklmn , given by
Again, we can check that we have found all of the R-fluxes by comparison with the E 6 (6) embedding tensor, which transforms under the 27 ⊕ 351 of E 6(6) . We decompose E 6(6) −→ SL(6) × R + and find that the embedding tensor branches as 48) and the adjoint as
From this we identify Ω ijk ∈ 20 2 and Ω ijklmn ∈ 1 4 , while the branching of the 27 in (3.48)
shows that the derivatives transform as
We can now construct locally non-geometric fluxes by acting with either of the dual derivatives
on Ω ijk or Ω ijklmn . Thus, the locally non-geometric fluxes must have R + charge +2, +4 or +6.
From the embedding tensor we see that there are therefore only three locally non-geometric fluxes 6 2 ⊂ 27 and 84 2 ⊂ 351 and 15 4 ⊂ 351 which correspond exactly to
The final 6 2 ⊂ 351 in the embedding tensor corresponds to a globally non-geometric Q-flux [38] :
where we define Γ [jklmn i p] below in subsection 3.4.1. This confirms that we have constructed all possible locally non-geometric fluxes in six dimensions.
Other non-geometric fluxes
There are other spacetime tensors that can be constructed in the non-geometric parameterisation, i.e. in terms of the fields g ij , Ω ijk and Ω ijklmn . These include the geometric flux We begin by introducing the connection-like objects
Γ ij k is the Weitzenböck connection which is natural on parallelisable backgrounds. These will appear inside the embedding tensor in combinations that are well-defined on generalised parallelisable spaces. Under spacetime diffeomorphisms the above objects transform as
(3.55)
Q-fluxes: Using these, we once again find the Q-flux associated to Ω ijk , as in four and five dimensions, 56) as well as a new Q-flux associated to Ω ijklmn ,
The first two terms of this Q-flux were also constructed in [38] , where the combination was called S i jklmnp . However [38] assumed the simplifying assumptions that∂ ij =∂ ijklm = 0 so that thê Γ ij k l andΓ ijklm n p terms of the Q-flux were not captured.
The only other non-geometric flux that we can construct is 58) which is unchanged from the four-dimensional case (3.25).
These tensors transform in the following representations of SL (6
while the geometric flux and derivative of the determinant of the external metric transform as
The only remaining unaccounted flux in (3.48) is given by the four-form field strength G ijkl = 4∂ [i C jkl] ∈ 15 −4 which vanishes in the non-geometric parameterisation. This shows that we have identified all the non-geometric fluxes.
Seven-dimensional locally non-geometric backgrounds
Appendix A.3 summarises our conventions for the E 7(7) EFT. To write down the E 7(7) generalised vielbein in non-geometric parameterisation, it is worthwhile to introduce
In terms of these objects, the non-geometrically parameterised E 7(7) generalised vielbein is given by 
From the action of the generalised Lie derivative on the above generalised vielbein (3.62), with a generalised vector field V M = ξ i , 0, 0, 0 corresponding to a spacetime diffeomorphism as in (A.29), we find the following transformation laws
under spacetime diffeomorphisms. Here we have defined
Before constructing the locally non-geometric fluxes, we first introduce the improved dual
where 66) and
The improved dual derivative of a scalar field φ is a spacetime tensor, i.e. 67) up to the section condition 68) where again ⊗ denotes the derivatives acting on two different fields.
Using the improved dual derivatives we find the following locally non-geometric fluxes. We can also show that these are the only locally non-geometric fluxes by comparison with the embedding tensor of four-dimensional maximal gauged SUGRAs, which takes values in the 56 ⊕ 912 of E 7 (7) . Decomposing E 7(7) −→ SL(7) × R + , we find
From the decomposition of the 56 we also see that the derivatives transform as
The decomposition of the adjoint representation of E 7 (7) shows that
We see that the locally non-geometric fluxes correspond to
Other non-geometric fluxes
The other non-geometric fluxes are exactly as in the six-dimensional case, explained in section 3.4.1. These transform in the representations
and the geometric flux transforms in
We also have ∂ i ∆ ∈ 7 −6 , the derivative of the determinant of the external metric. The remaining fluxes in (3.70) correspond to the four-form and seven-form flux G ijkl = 4∂ [i C jkl] ∈ 35 −10 and
. Thus, we have found all the non-geometric fluxes.
4 Duality chains and missing momenta
Geometric flux
We will now construct examples of new locally non-geometric backgrounds by acting with Udualities on parallelisable spaces with "geometric flux". For simplicity, we will refer to these geometric spaces as "twisted tori" even though some examples are non-compact. In [18] , it was shown that a particular example, the direct product of the Heisenberg Nilmanifold with a circle, does not allow for certain membrane wrapping states. After applying U-dualities, some of these states would have become momentum modes in the locally non-geometric background, which as a result must be missing. To understand how this generalises to locally non-geometric background with the new R-fluxes considered here, we begin with a detailed look at two kinds of spaces with geometric flux that will be the starting point of our duality chains.
Nilmanifold
The first is the Heisenberg Nilmanifold, N 3 , which be defined as the coset space [3]
where G N (R) and G N (Z) are the matrix groups
and F = R or F = Z, respectively. 5 For fixed N , G N (R) is isomorphic to the continuous Heisenberg group, which is topologically R 3 . G N (Z) are different discrete subgroups of G N (R), with G 1 (Z) corresponding to the discrete Heisenberg group. If we introduce coordinates x 1 , x 2 and x 3 on this coset space by taking
then the quotient leads to the identifications
Key for us is that on N 3 we can introduce three well-defined 1-forms given by
(4.5)
Clearly, N 3 is a parallelisable space. The 1-forms satisfy 6) so that the "geometric flux", which is defined as
is given by
In the upcoming duality chains, we will be considering spaces that are direct product of tori with N 3 , which we label as N
We will use x 4 , . . . , x m+3 as the usual coordinates on the T m . We will also consider a metric on N m 3 constructed from the well-defined 1-forms on N 3 given in equation (4.5),
(4.10)
Non-unimodular geometric flux
The second space with geometric flux that we will consider is a two-dimensional manifold, N 2 , with globally well-defined 1-forms 12) so that N 2 has non-unimodular geometric flux (4.7)
Note that the second deRham cohomology class of this space vanishes
This implies that N 2 cannot be compact. If it were, then its second homology class would necessarily be H 2 (N 2 , Z) = Z, since N 2 is clearly orientable. However, this would also imply H 2 (N 2 , R) = R which is in contradiction with (4.14).
An example of such a space is given by the solvmanifold 15) where S N (R) is the matrix group
The discrete subgroup Λ is defined as 17) so that the right-quotient of S N (R) by Λ leads to the identifications
We see that S 2 is an infinitely-long cylinder S 1 × R where the radius of the cylinder increases along the length of the cylinder. It is worthwhile to mention that because S 2 is non-compact, we cannot differentiate topologically between non-zero values of N . The distinction between them only arises once we introduce a length scale on x 1 , e.g. through a metric.
In the following, we will consider the spaces N m 2 ≡ N 2 × T m , and we will use x 3 , . . . , x m+2 as the usual coordinates on T m . The metric on these spaces will be given by
Wrapping states
We need to compute the second and fifth homology groups of these spaces and, in the seven- 
Wrapping states of N 1 3
For N 1 3 we use the fact that 20) to deduce that the second de Rham cohomology is
However, to identify possible membrane wrapping modes, we need to compute the integer homology groups. From (4.21) we see that
with k 1 and k 2 integers determining the rank of the torsion subgroups generated by the x 2 x 3 and x 1 x 4 cycles. However, because the N 3 submanifold is closed and oriented, H 2 (N 3 ) cannot have torsion and therefore M2-branes cannot wrap the two-cycle x 2 x 3 . Hence w 23 = 0. As discussed in [18] , this missing wrapping mode can also be understood from the Freed-Witten anomaly in the IIB background obtained by dualising along x 1 and x 4 . Thus N 1 3 provides a geometric realisation of the Freed-Witten anomaly of the T 3 with H-flux.
Wrapping states of N 3 3
In section 4.5 we will consider a duality chain based on the six-dimensional manifold N 3 3 . Thus, we need to understand its possible membrane and five-brane wrapping modes. We begin by computing the de Rham cohomology. Using that
we find that the following are not 2-and 4-forms are not closed
The last equation implies that the five-form e2 ∧ e3 ∧ e4 ∧ e5 ∧ e6 is exact and therefore trivial in de Rham cohomology.
The above relations in particular imply that the two-cycles x 2 x 3 and x 2 x 3 x 4 x 5 x 6 are either homologically trivial or generate torsion subgroups of H 2 (N 3 ) ⊂ H 2 N 3 3 and H 5 N 3 3 , respectively. However, because both N 3 and N 3 3 are closed and oriented, H 2 (N 3 , Z) and H 5 N 3 3 , Z cannot have torsion subgroups. Therefore there are no membrane or five-brane wrapping modes associated with the x 2 x 3 and x 2 x 3 x 4 x 5 x 6 cycles, and w 23 = w 23456 = 0.
Just as in N 1 3 , these missing wrapping modes can equivalently be understood as being due to the Freed-Witten anomaly of the IIB background obtained by dualising along x 1 and x 6 .
Wrapping states of N 4 3
We now consider the seven-dimensional manifold N 4 3 = N 3 × T 4 , which we will dualise in 4.6 to obtain the new locally non-geometric fluxes in seven dimensions. Using the notation of (4.5) and letting
we find Again, these can equivalently be understood as due to the Freed-Witten anomaly in the IIB background obtained by dualising along x 1 and x 7 . Because N 4 3 is seven-dimensional, we also need to consider Kaluza-Klein monopole wrapping modes. Given that N 4 3 is orientable, there exists a Kaluza-Klein monopole wrapping mode for each S 1 on N 4 3 . For us, it will be important to note that the Nilmanifold N 3 only has one well-defined S 1 which corresponds to the fibre of the principal U(1)-bundle π :
To see that the S 1 's on the base do not define well-defined S 1 's on N 3 , note that the fibre bundle can be defined symmetrically between the two S 1 's on N 3 . This can be seen by making the coordinate redefinition x 1 −→ u = x 1 + N x 2 x 3 on the fibre. Then the identifications become
This symmetry means that if one of the two S 1 's of the T 2 is well-defined on N 3 then both must be well-defined. However, this is impossible since otherwise there would be an inclusion map ı : T 2 −→ N 3 which in fact defines a global section of π : N 3 −→ T 2 . But since this is a non-trivial principal bundle, a global section cannot exist and therefore neither of the S 1 's of the base T 2 is well-defined on N 3 . This implies that the Kaluza-Klein monopoles cannot wrap the x 2 or x 3 cycles. Denoting the Kaluza-Klein monopole wrapping modes by w i KK where x i is the local coordinate on the S 1 associated with the monopole, we find w 2 KK = w 3 KK = 0. We can also see that w 2 KK = w 3 KK = 0 from dualities. Consider applying a U-duality along the three directions x 1 , x 2 , x 4 of N 4 3 . This maps N 4 3 to itself while exchanging the M5-brane and Kaluza-Klein monopole wrapping modes
We have seen that w 23567 = 0 which by duality also requires w 2 KK = 0. One can make an analogous argument, or appeal to the symmetry of this Nilmanifold, to show that w 3 KK = 0 as well.
Wrapping states of N 3 2
We will construct a five-dimensional locally non-geometric background by dualising N 3 2 . To find missing momenta, we want to know what wrapping states are forbidden on N 3 2 . Because N 2 is non-compact, with x 2 the non-compact coordinate, it is clear that we cannot have any wrapping states involving the x 2 direction. Therefore we find in particular that the membrane and 5-brane wrapping modes w 12 = w 12345 = 0 must vanish.
Wrapping states of N 5 2
We will dualise N 5 2 in section 4.6.1 to obtain seven-dimensional locally non-geometric backgrounds. Because of these dualities certain missing wrapping modes of N 5 2 will become missing momenta. Once again, we note that N 2 is non-compact with x 2 the non-compact coordinate.
Therefore, there are no states wrapping the x 2 direction, in particular
where µ, ν, ρ = 3, . . . , 7 and w i KK denotes a Kaluza-Klein monopole wrapping mode along the x i direction.
Review of four-dimensional duality chain
We begin by reviewing the duality chain in four dimensions which leads to the simplest example of a locally non-geometric background of M-theory [17] . We begin with the twisted torus N 1 3 = N 3 × S 1 with metric
whose "geometric flux" is given by
To take an M-theory background to another M-theory background, we need to perform a duality along three directions. To see this, consider the case where the M-theory background consists of a circle fibration over a IIA background. In this case if we take the duality to act along the M-theory circle, as well as two directions of the IIA background, we find a double T-duality relating two different IIA string theory backgrounds.
Applying a duality along the x 2 , x 3 and x 4 directions of N 1 3 takes x 2 −→x 34 since x 2 is not an isometry. It also transforms the metric and 3-form to
However, the metric and 3-form are ill-defined as one transverses the dual circlex 34 −→x 34 + 1, where one would have to patch with a U-duality, just as for the type II non-geometry (2.7) and (2.12). Furthermore, just like in that case, a SO (5) rotation (which is also not globally well-defined), can be used to change to the non-geometric parameterisation. The new fields are given by [33] ĝ
√ g ǫ ijkl C jkl and i, j, k = 1, . . . , 4 indices are raised and lowered with g ij . Using these formulate we find
,
We can also obtain this result by applying the transformation rules (B.9) and (B.10) discussed in appendix B. The background (4.35) has non-vanishing R-flux
We summarise this by writing 37) where U 234 denotes the U-duality along x 2 , x 3 and x 4 .
In section 4.2.2 we showed that N 1 3 does not admit a M2-brane wrapping the x 2 x 3 -cycle, i.e. w 23 = 0. As discussed in [18] , this leads to a missing momentum in the locally non-geometric background since the U-duality along x 2 , x 3 , x 4 exchanges
Therefore, we find p 4 = 0 and in [18] it was argued that this can be written covariantly as
In the following we will show how this generalises to larger compactifications with new Rfluxes. We will see that each R-flux of mixed symmetry leads to a missing momentum mode.
Five-dimensional duality chain
In section 3.3 we saw that in five-dimensional compactifications, we can have a totally antisymmetric R-flux
We want to consider a duality chain that leads to a locally non-geometric background with this new R-flux so that it is not a trivial embedding of the four-dimensional case of [17, 18] . To this end we begin with the parallelisable but non-unimodular space N 3 2 with metric 41) and geometric flux
Performing a duality along x 2 , x 3 and x 4 , and using the U-duality rules (B.9) and (B.10), we find that
This is a globally non-geometric, or "Q-flux", background and we must dualise again, along the directions x 1 , x 2 , x 5 to obtain a locally non-geometric background. We find from (B.9) and (B.10) that this just takes x 1 −→x 25 while leaving g ij and Ω ijk unchanged, so that the background is given by
This cannot be obtained in the T 4 example of section 4.3 because it requires two dualities with only one common direction. This background has non-vanishing R-fluxes
Note that this implies that R ijklm = 5R [i,jklm] does not vanish, since
We summary this duality chain by
As we have shown in 4.2.4, the space N 3 2 is missing the wrapping modes w 12 = w 12345 = 0. After the dualities along x 2 , x 3 , x 4 and then x 1 , x 2 , x 5 , we find from (B.13) that 48) so that the missing wrapping modes become two missing momenta in the locally non-geometric background. Therefore the conjectured relation of [18] 
holds even in this case.
Six-dimensional duality chain
We saw that in E 6 (6) there is a new kind of R-flux with mixed symmetry given by equation
We will now construct a duality chain which leads to this kind of locally non-geometric background starting with the twisted torus N 3 3 , with metric 51) and geometric flux T 23 1 = N .
Because we are considering a six-dimensional compactification, we can either act with Udualities along three coordinates or all six coordinates. For us it is sufficient to dualise only along three coordinates. We begin with a duality along the three coordinates x 2 , x 3 and x 4 to obtain the locally non-geometric R-flux as in section 4.3:
However, we can now act with a U-duality along x 1 , x 5 and x 6 which according to (B.10) takes 53) so that, according to (B.9), the trivector becomes
This is a locally non-geometric background carrying the new R-flux
We can summarise this duality chain by
As we showed in section 4.2.2, the twisted torus N 3 3 is missing the following M2-brane and M5-brane winding numbers
After U-duality along x 2 , x 3 , x 4 , followed by U-duality along x 1 , x 5 and x 6 we find from (B.13) that the missing winding numbers transform into
and hence we have two missing momenta p 4 and p 1 . This matches
providing a natural generalisation of the conjecture of [18] .
Seven-dimensional duality chain
Here we will construct two duality chains that lead to the new locally non-geometric backgrounds in seven dimensions, for which some of the new R-fluxes 60) are non-zero.
Duality chain for R ij j and R i
To obtain R ij j = 0 or R i = 0 we start with N 5 2 , whose metric can be taken to be
and which has non-unimodular geometric flux T 12 1 = N . As in section 4.4 we dualise along x 2 , x 3 , x 4 first and then along x 1 , x 2 and x 5 to obtain the locally non-geometric background
This space has R 5,1234 = −R 2,1345 = N and is missing the corresponding momentum modes
We now perform a further duality along x 2 , x 6 and x 7 which yields the locally non-geometric space
From (4.60) we see that this space has R ij k with the only non-vanishing components given by
This is therefore a new kind of locally non-geometric space, not accessible in six dimensions.
Under the above dualities, we also find from (B.13) that the wrapping modes
become momenta. As discussed in section 4.2.5, the topology of N 5 2 implies that both w 12 = w 2 KK = 0. Therefore in the locally non-geometric space (4.64) we have
However, this could be modified when R i = 0 since it could be a linear combinationR ij k =
To check this we act on (4.64) with another duality along x 1 , x 3 and x 4 and obtain
From (4.60) we see that this has non-vanishing R i and R ij k with non-zero components We see from (B.13) that under these dualities the following wrapping modes of N 5 2 become momenta:
However, the topology of N 5 2 implies that these wrapping modes must vanish and as a result p 1 = p 2 = p 3 = p 4 = p 5 = 0 in the locally non-geometric background (4.69). Therefore, the momenta satisfy
Duality chain for R ijkl and R
We begin with the space N 4 3 = N 3 × T 4 with geometric flux
and whose wrapping modes were discussed in section 4.2.3. Performing a U-duality along the six directions x 2 , x 3 , x 4 , x 5 , x 6 , x 7 we see from (B.15) and (B.16) that we obtain the space
This space has non-vanishing locally non-geometric flux
The duality also exchanges the following M5-wrapping modes for momenta 
Since R ijkl is really a mixed symmetry tensor R ijkl,mnpqrst with so that this non-geometric background has w 23 = w 13 = w 12 = 0.
We can now act with another U-duality along the x 1 , x 2 and x 3 directions to turn R 4567 −→ R. In particular, we find that this does not change the non-geometric metric or Ω ijklmnp , but simply changes the dual coordinatex 34567 −→x 3 , see appendix B.2. We find
This space has
The entire duality chain is summarised by
Equation (B.13) also shows that the U-duality takes
while not acting on p 4 , p 5 , p 6 and p 7 . From the previous results we see that all these momentum modes are now missing. We conclude that
so that there are no momentum modes in these locally non-geometric backgrounds with R = 0.
Conclusions
In this paper we studied locally non-geometric spaces of higher dimensions in M-theory and found a variety of new R-fluxes characterising these. Our results can be nicely summarised in seven dimensions where non-geometric backgrounds are parameterised by a trivector Ω ijk and six-vector Ω ijklmn transforming as
under spacetime diffeomorphisms, where
denotes the covariant transformation under the Lie derivative. As a result, the locally nongeometric R-fluxes are given by the following spacetime tensors
If we consider a reduction to IIA string theory, only R i,jklm reduces to the usual string R-flux [7] .
The other R-fluxes in general involve either dual coordinates involving D-brane wrapping modes or non-geometric fields associated to the R-R sector.
We showed that examples of new locally non-geometric backgrounds, for which these new R-fluxes are non-vanishing, can be obtained by dualising product spaces of nil/solvmanifolds with tori. These can be summarised by The topology of the initial geometric background meant that certain brane wrapping states were not allowed. After duality this implies that some momenta were missing in the locally non-geometric background, satisfying (in seven dimensions) 5) generalising the observation in [18] . Note that in general dimensions R i and R ijkl become mixed symmetry tensors R i,jklmnpq and R ijkl,mnpqrst , respectively. Therefore each mixed symmetry Rflux tensor led to missing momenta according to (5.5) with the exception of the seven-dimensional singlet flux R for which all momenta vanish.
The fact there is a missing momentum mode in four-dimensional locally non-geometric Mtheory backgrounds 6) means that the phase space of M2-branes is seven-dimensional. This played an important role in the conjecture of [18] that the phase space algebra of M2-branes in such spaces is isomorphic to the non-associative algebra of imaginary octonions. Furthermore, include the missing momentum mode leads to an eight-dimensional phase space governed by a 3-algebra [19] with Spin (8) structure. Implementing the constraint (5.6) reduces this 3-algebra to the non-associative Mtheory R-flux algebra isomorphic to the imaginary octonions. Similarly, the conditions (5.5) have implications for the possible non-associative algebras governing the higher-dimensional locally non-geometric backgrounds. We leave the exploration of this issue for further work.
One can also use this formalism to obtain new locally non-geometric fluxes in IIB string theory, using the IIB solution of the EFT section condition [44, 45, 56] . This would extend the analysis of [65] to include also locally non-geometric fluxes. For example, in [17] it was shown that already in three-dimensional IIB compactifications one has in addition to the usual 
analogous to (5.5). We leave an investigation of other IIB R-fluxes, associated missing momenta and non-associative algebras to future work.
Another interesting question is whether the relations identifying the missing momenta (5.5)
can be derived directly using a notion of (co-)homology in exceptional field theory. For example, one would expect that the cohomology of an appropriate lift of the usual cochain complex of differential forms to appropriate tensors in exceptional field theory would be able to capture (5.5) since it would know of the topology of the twisted tori that are dual to the locally non-geometric backgrounds. Furthermore, as we mentioned in the introduction, the lack of momenta can also in some cases be related to the Freed-Witten anomaly of a dual IIB background. Therefore, this exceptional cohomology would also provide a simple geometric notion within exceptional field theory of these anomaly cancellation conditions.
As has already been argued in [43, [49] [50] [51] [66] [67] [68] [69] , the tensor hierarchy of exceptional field theory defines a chain complex and its tensors can be thought of as the exceptional generalisation of differential forms. To capture the missing momenta, it seems likely that one should consider generalised vector fields V , since these contain two-forms, five-forms, etc., which are "closed"
but not exact. Exactness is easy to define using the tensor hierarchy, so that an exact generalised vector field satisfies V = dχ for χ ∈ Γ (R 2 ), where R 2 is an appropriate vector bundle from the tensor hierarchy. However, the chain complex of the tensor hierarchy usually is taken to end at precisely the generalised vector fields because there is no non-trivial nilpotent derivative that one can define on generalised vector fields without requiring more structure. It is also worth emphasising that our results regarding missing momenta should also hold for backgrounds which are not generalised parallelisable. For example, a non-trivial U(1)-fibration would then generalise the spaces with geometric flux. In the total space, the 1st Chern class is trivial and hence the homology is reduced, just like we found for the twisted torus. The dual locally non-geometric space will thus similarly have missing momenta. We leave these interesting problems for future work.
Finally, another interesting question would be to understand what branes source the new Rfluxes (5.3), generalising the known NS-NS "R-brane" [70, 71] . To answer this one could consider dualising a Kaluza-Klein monopole, which is a 1/2-BPS analogue of the Heisenberg Nilmanifold, in a similar way to the duality chains considered here. An efficient description of the duality chain may come by using the half-maximal structures in EFT [67] [68] [69] . Related to this, it would be interesting to try and find honest locally non-geometric M-theory backgrounds. For example, one may want to consider dualities of the N = 2 background given in [3] .
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A Details of decomposition of
The generalised Lie derivative acting on the generalised vielbein EM M is given by [41, 48] 
where η IJ is the SO(5, 5) invariant metric. The final term with coefficient of −
so that we can, and will, take EM M to have unit determinant. The section condition is
where we take the derivatives to act on two different fields or on the same field as a double derivative.
Decomposing SO(5, 5) −→ SL(5) × R + , vectors in the 16 and 10 of SO(5, 5) decompose as
In the SL(5) × R + basis, the γ-matrices have the following non-zero components.
Note that the γ-matrices are symmetric in the spinor indices, i.e.
one obtains the section condition as given in (3.33). Furthermore, using (A.6) and (A.1) one finds that the generalised Lie derivative corresponding to a spacetime diffeomorphisms V M = ξ i , 0, 0 acts on the vielbein as
From this one can easily recover the transformation law for Ω ijk given in equation (3.30).
A.2 E 6(6) EFT
The E 6(6) generalised Lie derivative of the generalised vielbein EM M is given by [41, 44, 48 ]
where M, N = 1, . . . , 27 label the fundamental representation of E 6(6) , d M N P and d M N P are the symmetric cubic E 6(6) invariant tensors, (P adj )
M N P Q is the projector onto the adjoint. The cubic invariants are normalised as 9) and the section condition is given by
The final term with coefficient − 1 3 in the second line of (A.8) ensures that
so that we can, and will, take EM M to have unit determinant.
Decomposing E 6(6) −→ SL(6) × SL(2) −→ SL(6) × R + , we have that a vector in the fundamental of E 6(6) becomes
while we take the coordinate derivatives to be
The only non-zero components of cubic invariants are given by
(A.14)
Using this decomposition, one obtains the section condition as given in (3.45). Using (A.14) and (A.8), one finds that the generalised Lie derivative corresponding to a spacetime diffeomorphism V M = ξ i , 0, 0 acts on the generalised vielbein as
A.3 E 7(7) EFT Finally, the E 7(7) generalised Lie derivative of the generalised vielbein EM M is given by
where M, N = 1, . . . , 56 label the fundamental and α, β = 1, . . . , 133 label the adjoint representations of E 7(7) .
is the projector of the tensor product 56 ⊗ 56 onto the adjoint, with (t α ) M N the generators of E 7(7) in the fundamental representations. M, N, . . . indices are raised and lowered with the symplectic invariant Ω M N of Sp(56) ⊃ E 7(7) according to a north-west south-east convention,
i.e.
with
while the E 7(7) adjoint indices α, β are raised/lowered with the Killing metric
The section condition is given by [41, 45] ( in the 28 and 28 of SL (8) . We can further decompose SL(8) −→ SL(7) × R + so that 24) and the coordinate derivatives become 
(A.29)
B U-duality rules
In the following we will be acting with U-dualities on twisted tori and backgrounds with nongeometric trivector Ω ijk or even six-vector Ω ijklmn to generate new locally non-geometric backgrounds in M-theory. The U-dualities must be taken along three or six directions in order to map M-theory backgrounds into one another. Before considering explicit examples, let us introduce an efficient procedure for finding the U-dual backgrounds. We will use the fact that our backgrounds are parallelisable without 4-form or 7-form flux (although these can easily be included), and act with appropriate E d(d) matrices representing the U-dualities on the generalised vielbein.
For a U-duality along three directions define the totally antisymmetric combinations matrices realising the U-duality along three directions are given by [33] U = E Ω E C E Ω , (B.3)
where E Ω and E C to be the generalised vielbein with non-zero trivector Ω and three-form
Similarly, we take the U-duality along six directions to be realised by the E d(d) matrix 5) where now E Ω and E C to be the generalised vielbein with non-zero six-vector and six-form
Using this we find the following transformation rules, which we will give for seven-dimensional spaces. This straightforwardly also contains all lower-dimensional cases. where eī = eī i dx i are globally well-defined 1-forms.
B.1 U-duality along three directions
In this paper we are considering geometric backgrounds that have triangular vielbeine (B.10)
In this paper we take R i = 1. However, for completeness' sake we will give the radii transform laws here too. If we label by u, v = 1, . . . , 3 as the directions along which the duality is taken and α, β = 5, . . . , 6 as the directions along which it is not, then the new radii are
We see that if the trivector and 3-form in (B.9) vanish then the twisted torus is left unchanged by the duality, up to the transformations of the coordinates (B.10) and radii (B.11).
Acting with another duality along three directions on a trivector background (with flat metric) can yield a six-vector or a 3-form 12) where again if both of these vanish the trivector is left unchanged, up to the coordinate transformation (B.10) and transformation of radii (B.11).
Momenta and wrapping modes are also exchanged according to the following rules which are completely analogous to (B.10).
B.2 U-duality along six directions
If we act with a U-duality on a twisted torus with triangular vielbein eī j = δī j + Nī j , e ij = δ ij − N ij , (B.14)
along six directions we find Where this vanishes, the transformation only acts on the coordinates according to (B.16), leaving Ω ijk unchanged otherwise.
